The four-point correlation function of two 1/2 BPS primaries of conformal weight ∆ = 2 and two 1/2-BPS primaries of conformal weight ∆ = n is calculated in the large λ, large N limit. These operators are dual to Kaluza-Klein supergravity fields s k with masses m 2 = −4
Introduction
The AdS/CFT correspondence [1, 2, 3] , the celebrated conjecture relating type IIB strings on AdS 5 ×S 5 to N = 4 super Yang-Mills theory, has received a lot of attention given the possibilities of extracting information from the strongly coupled gauge theory, by means of performing perturbative computations in the gravitational dual. However, this same property has made it difficult to find a way to prove the conjecture in all generality, and one needs to rely in tests restricted to the BPS sector.
In particular, evaluation of four-point correlation functions of BPS operators in tree level supergravity has allowed to check the correspondence in the limit N → ∞, large λ. Four-point functions are very interesting objects as they are not completely fixed by conformal symmetry, and they can be given an Operator Product Expansion (OPE) interpretation, which is known to encode all the dynamical information of the theory. Moreover, their quantum behaviour is severely restricted due to the existence of a lagragian formulation of d = 4 SYM, so the predictions on the dynamical piece can be verified by direct computation.
The present availability of the spectrum has limited the calculations to fields arising in the compactification of IIB supergravity on AdS 5 × S 5 . The standard AdS/CFT dictionary relates the infinite tower of KK scalar excitations originating from the trace of the graviton and the fiveform on S 5 to 1/2-BPS operators of N = 4 SYM theory. These operators are known to have protected conformal dimensions, two-and three-point functions [4, 5] . Four-point functions are then the simplest objects which exhibit non-trivial dynamics when going to the strongly coupled regime. Therefore, comparison of results obtained from supergravity with those obtained either from free or perturbative YM often reveal new insights into the behaviour of the theory, while also constituting a probing test for the duality.
Given the technical difficulty associated with evaluating diagrams for generic operators, supergravity induced four-point functions have been studied only for specific examples 1 . The first example in the literature, in which the basic techniques for evaluating amplitudes were developed, was the four-point function of dilaton-axion fields [8] , whose dual operators belong to the (ultrashort) current multiplet of N = 4 SYM. Four-point functions of superconformal primaries followed later since the cubic and quartic couplings are difficult to evaluate [9, 10] . The examples have been restricted to those involving four identical operators with weight ∆ = 2, 3, 4 [11, 12, 13] , and the results have shown to have the dynamical structure predicted by the gauge theory and superconformal symmetry. The first example that explored the dynamics in the t-channel between massless fields and Kaluza-Klein (KK) excitations was presented in [14] , and so far, there are not known computations from supergravity that address fields transforming in generic representations, this is, of the form [0, n, 0].
In this paper we then continue the programme of evaluating new examples of four-point functions involving BPS operators. In this case we will consider two operators of lowest conformal dimension ∆ = 2, and two operators of generic conformal dimension ∆ = n. This example generalises the result in [14] and is the first one involving operators transforming in generic representations of the Rsymmetry group. This constitutes a first step towards computing the four-point function of 1/2-BPS primaries of arbitrary weight, while also allowing the emergence of interactions between the massless graviton multiplet and the infinite tower of KK excitations. We will start by establishing the general structure of the amplitude by restricting the functional dependence using superconformal symmetry and the dynamical procedure known as the insertion procedure. We then evaluate the amplitude in AdS supergravity and compare this result against the predictions made in the gauge theory side.
To this end, one needs to obtain the on-shell value of the five-dimensional effective action for type IIB supergravity on AdS 5 ×S 5 relevant for the calculation. These terms can be found in [4, 9, 10, 15] . To calculate the on-shell action, we use the techniques in [12, 14, 16] for evaluating the AdS zintegrals. However, for the evaluation of the effective vertices coming from the integrals over the S 5 , we introduce a new method, as the direct evaluation of sums of products of SO(6) C-tensors cannot be evaluated in a closed form when including representations depending on generic values 2 [12] . We then show that as in the previous cases in the literature, the four derivative terms in the effective lagrangian can be re-expressed in terms of two and zero derivative terms, so the lagrangian is of σ-model type. We also show how the resulting quartic lagrangian has a rather simple form, after the dramatic simplification coming from adding the different contributions. Finally, we will verify that the result for the strongly coupled four-point amplitude splits into a free and an interacting piece, which has the structure predicted by the insertion procedure [12, 17] . This phenomena has also been observed in all other four-point functions involving superconformal primary operators, and is a highly non-trivial result as there is no argument supporting this splitting in the gravitational theory. This result serves then as further evidence for the AdS/CFT correspondence The plan of this paper is as follows. In section 2 we consider the general structure of the fourpoint amplitude of 1/2-BPS operators using the different symmetries (i.e. conformal, crossing and R-symmetry) and we see that the dependence is contained in four functions of conformal ratios. In section 3, we introduce further constraints on the interacting piece from the insertion procedure, that reduces the number of independent functions from four to one. Section 4 is devoted to the evaluation of the four-point function of interest in the supergravity approximation. Some technical details are postponed to the appendices, including the derivation of the quartic lagrangian and the novel method for computing the effective interaction vertices coming from integrals on S 5 . In section 5 we analyse the supergravity result in the light of the predictions obtained from the CFT side, and verify that indeed, the supergravity-induced amplitude splits into a free and an interacting piece. We also reveal a puzzling result pertaining to one of the coefficient functions entering the amplitude. Finally, section 6 summarises our results and presents some interesting problems that could be addressed in the future.
General Structure of the Four-Point Function
The general structure of the process we are considering is constrained by R and crossing summetry. In this paper we are concerned with four-point functions of 1/2-BPS superconformal primaries of N = 4 supersymmetric Yang-Mills theory. The canonically normalised operators [4] with conformal dimension ∆ = k are given by
where
are totally symmetric traceless SO(6) tensors of rank k and the index I runs over a basis of a representation of SO(6) specified by k. The four-point function we wish to study has the form O
The content of the OPE's is given by operators in the representations arising in the tensor of the SU (4) representations [0, 2, 0] and [0, n, 0]. This is
All the OPE channels with l = 0, 1 contain only short and semishort operators. We now follow the ideas and methods in [12] . An appropriate basis to study the content of a four-point function is given by the propagator basis arising in free field theory. Recall that the propagator for scalar fields is given by
Let us introduce the harmonic (complex) variables u i satisfying the following constraints
These variables parametrise the coset SO(6)/SO(2)×SO(4) so that under an SO(6) transformation, the highest weight vector representation transforms as u i 1 · · · u in , so projections onto representations [0, n, 0] can be achieved by writing
with (n) denoting the highest weight of the representation [0, n, 0]. Scalar fields can also be projected
so (5) can be rewritten as
We can now construct four-point functions by connecting pairs of points by propagators. For the case in hand, the amplitude will have n + 2 contractions, so the propagator basis for (3) is determined from six graphs belonging to four equivalence classes, as depicted in figure 1 . Each of the propagator structures can be multiplied by an arbitrary function of the conformally invariant ratios u and v
Hence, the most general four-point amplitude with the required transformation properties is given by 
. The graphs are arranged in four equivalence classes. The symbol n stands for the n propagators coming out from the corresponding vertices.
Permutation symmetries under exchange of 1 ↔ 2 and 3 ↔ 4 reduce the number of coefficient functions to four since
The harmonic variables in (11) can be re-expressed in terms of SO(6) C-tensors (Appendix A) as
It is possible to compute the value of the coefficient functions using free field theory in the large N limit (e.g. contribution form planar diagrams only). This was done in [18] and the results are
where X i 1 ···in is a totally symmetric rank n colour tensor, so that the value of c i is dependent on a non-trivial tensor calculation 4 . Notice also that d = (n − 1)b i for any value of n and N .
The Insertion Formula
We now follow the ideas developed in [12] to restrict the dynamical piece of the four-point function.
The derivative with respect to the coupling g 2 Y M of the amplitude (2) can be expressed as (see also [17] 
The integration above is consistent with supersymmetry as the θ-expansion for the case O 2 terminates at four θ's, and one can show that the five-point function in the right side of the previous expression, gives rise to a nilpotent superconformal covariant. By following this procedure in which we insert and additional ultrashort operator, it is possible to extract more information about the four-point function we have been studying. As the construction of nilpotents covariants if of technical nature, we refer to [12] for references and the derivation of the results reproduced below. The key idea is to assume that the nilpotent covariant must have the following form
so the five-point function is factorised into a kernel with weight 2 and an additional factor carrying the remaining SO(6) quantum numbers, so at each point the weight is k i = k i − 2. Note here that the Grassmann factor (θ 0 ) 4 carries the full harmonic dependence at the insertion point. The relevant expressions are given by
and
3 The coefficient of the disconnected piece is set to be one as a consequence of the normalisation choice for the two-point functions. 4 For n = 2, ci = 1 and for n = 3, ci = 0. For n ≥ 4 it was shown in [18] that it the value of ci can be approximated as
Substitution of these expressions into (17) and integration over the Grassman variable θ 0 lead to the following dependence on the coupling of the four-point function (2)
with
So comparing (20) with (13) one realises that the amplitude depends on a single function F(u, v), satisfying
This is a (partial) non-renormalisation theorem for the structure of the amplitude (i.e. a dynamical constraint), so verification of this result from the supergravity calculation constitutes an indirect test for the AdS/CFT correspondence.
Supergravity Calculation
The precise relation between the operators in the gauge theory and the fields in the bulk was established in [2, 3] and refined in [19, 20, 21] . The proposition is
On the left hand side of (23) the field φ 0 ( x), which stands for the boundary value of the bulk field φ(z 0 , x), is a source for the operator O( x), and the expectation value is computed by expanding the exponential and evaluating the correlation functions in the field theory. On the right hand side, one has the generating functional encompassing all dynamical processes of IIB strings on AdS 5 × S 5 . In the supergravity approximation, S IIB is just the type IIB supergravity action on AdS 5 × S 5 , and it is assumed here that all the bulk fields φ(z 0 , x) have appropriate boundary behaviour so they source the YM operators on the left hand side. Hence in practice, one first finds the boundary data for the corresponding gravitational fields and then computes correlation functions as a function of these values (on-shell), by functional differentiation. Given that we are interested in computing correlation functions of superconformal primaries, we first need to identify the bulk fields whose value in the boundary serve as sources. From looking at the representations, we see that the fields dual to superconformal primaries are obtained from mixtures of modes from the graviton and the five form on the S 5 [22] and are denoted as s I k , with I running over the basis of the corresponding SO(6) irrep. with Dynkin labels [0, k, 0]. The four-point function can then be determined from the expression
On-Shell Lagrangian
We are interested in computing (2) in strongly coupled N = 4 SYM theory, using the supergravity approximation. The prescription (23) indicates that we need to evaluate the on-shell value of the five-dimensional effective action of compactified type IIB supergravity on AdS 5 × S 5 . We write this action as
which involves the sum of quadratic, cubic and quartic terms. The normalisation of the action can be derived from expressing the ten dimensional gravitational coupling as 2κ 2 10 = (2π) 7 g 2 s α 4 and using the volume of S 5 to get the five dimensional gravitational coupling
with l being the AdS 5 radius, which will be set to one. The quadratic terms [22, 15] read
, and summation over upper indices is assumed, running over the basis of the irreducible representation corresponding to the field 5 . We should point out that the fields have been rescaled in order to simplify the action. In this case, the corresponding rescaling factors are given by
5 We often use the notation s and all symmetric tensors are left unscaled. The cubic couplings [9, 4, 23] are given by
As one can see, there are different contributions to the s and t-channels. Finally, the quartic couplings are given by
where the supraindex indicates contributions coming from zero, two and four-derivative terms, which are given by
The explicit form of these terms has been computed in [10] . For our case, two of the k i 's are equal to 2 and the other two are equal to n. This allows for six possible permutations, where the indices I i run over the basis of the representation [0, k i , 0] which is being summed over. The less trivial part of the calculation is to compute the explicit coefficients of these terms. It can be shown, however, that the relevant interactions can be reduced to a simple expression, as it occurs in all the examples that have been computed previously. We refer to appendix E for the details, and reproduce the final expression here
which can be shown to reproduce the n = 3 case in [14] . The quantities in this expression will be defined later. It should be noted that all four derivative terms disappear, which is consistent with the fact that this is a sub-subextremal process, i.e. k 1 = k 2 + k 3 + k 4 − 4, as indicated in [24, 25] . Now that the relevant terms in the lagrangian have been specified, it remains to compute its on-shell value. From the couplings, one can determine the diagrams that need to be computed. In the s-channel, one has a scalar exchange of s 
It is convenient to introduce the currents
where k 1 , k 2 , k 3 are the conformal weights of the corresponding scalar operators and the primaries here have the appropriate weight depending of the channel one is considering. One then represents the solution to the equations of motion in the form
where s 0 k , A 0 µ and φ 0 µν are solutions to the linearised equations with fixed boundary conditions and s k ,Ã µ andφ µν represent the fields in the AdS bulk with vanishing boundary conditions. It is then possible to express these fields in terms of an integral on the bulk, involving the corresponding Green function. For the s-channel process one needs
where the z-integral is being done on the vertex involving the O 2 's. For the t-channel process, the bulk fields couple to a ∆ = 2 primary and a ∆ = n primary, so the z-integrals read
and the currents are defined with the appropriate weights. We will drop the tilde in the following. Using the expressions above, we arrive at the following expression for the on-shell value of the action for each of the channels we are considering. For the s-channel, the amplitude is determined by
and for the t-channel one has
The expressions in brackets arise from the integrals over S 5 and are defined in appendix A. We will worry about contact interactions later. So far, we see that we need to compute three Witten Diagrams for each channel, involving exchanges of scalars, massless and massive gauge bosons and massless and massive gravitons. In order to do so, we extend the methods developed in [8, 16, 14] to perform the computations.
Results for Exchange Integrals
We now carry out the integrals and write the results in terms ofD-functions, which are functions of u and v and are related to the more familiar D-functions [8] which are defined as
whereK ∆ (w, x) is the unit normalised bulk-to-boundary propagator for a scalar of conformal dimension ∆K
can be identified as a quartic scalar interactions (see Fig. 4 ). The relation between the D-functions and theD-functions, and their properties can be found in appendix C. Let us first introduce the following notation for the various exchange integrals that contribute to the amplitude.
with the bulk-to-bulk propagators appropriately chosen, depending on the particle that is being exchanged. For our case, the s-channel integrals yield
and the t-channel amplitudes are given by
where u and v were introduced in (10). These expressions are to be substituted in the action, including an overall factor of C(n) 2 C(2) 2 where
Contact Diagrams
One starts from the quartic lagrangian 
We record the useful identity
Using this expression and the definition of the D-functions, we see that the contribution to the amplitude from the quartic lagrangian is given by
where again an overall factor of C(n) 2 C(2) 2 was omitted, but should be included. We can rewrite this expression in terms of theD-functions
The final result for the on-shell action is then given by substituting the expressions for the exchange amplitudes on equations (36) and (37) and by equation (47).
Results for the Four-Point Function
We collect the results for the relevant on-shell action. First we write down the part of the lagrangian that contributes to the four-point function of interest We now substitute the summation of overlapping SO(6) tensors (see appendix A) and use the results for the exchange integrals. After relabelling the indices, one finally gets the on-shell value of the action that determines the four-point function
Here we have made use of some identities relatingD-functions (appendix C) to simplify the expressions. Notice that here we are abusing of the notation, as the scalar fields now refer to the boundary sources, and so depend on the x i coordinates. We are now ready to compute the four-point function (2) using the AdS/CFT prescription given in (23) . Of course, we need first to canonically normalise the corresponding 1/2-BPS operators, taking into account the rescaling we did to the action at the beginning of this computatioñ
This implies that the connected piece of the four-point function is of order O(1/N 2 ). The explicit form can be determined from
(51) Upon functional differentiation, the contribution to the amplitude from each of the tensor structures will be given by the corresponding orbit, this is, the s, t and u channels obtained by independent permutations of the points 1 ↔ 2, 3 ↔ 4. Here we make use of the symmetries of the SO(6) tensors, so the final result reads as follows
A(u, v)δ
where the functions (A, B 1 , B 2 , C 1 , C 2 , D) are given by
From (54) it is possible to see that the crossing symmetries are respected and that the overall form of the four-point amplitude is consistent with conformal symmetry.
Verifying the CFT Predictions
We now try to verify the dynamical constraints imposed on the amplitude by the insertion procedure, on the supergravity result. To do this, we need to rewrite the result (52) in a simpler way. We will follow the notation in [18] , which is based on ideas developed in [26, 27] and introduce the conformal invariants
so the four-point function (2) is given by
H I contains all the non-trivial dynamic contributions and G 0 is the free field part, which has the following structure
In these expressions
The free field term in the 22 → nn channel is given by the expression [18, 26, 27 ]
with b 1 , c 1 and d are given in (14) . The 2n → 2n channel can be obtained using crossing symmetry. From (52), one can read the expression in the interacting theory
and c 2 (u, v) can be obtained from crossing symmetry, as the supergravity result (14) satisfies this property. Notice also that the cross-ratios σ and τ defined in (55) arise naturally from expressing the products of C-tensors in terms of harmonic polynomials (see appendix B).
It is possible to rewrite (61) by simplifying the result (14), using identities betweenD-functions (see appendix C). The simplification was done in [18] and we reproduce it here. One gets
where the disconnected piece has been normalised to 1. In the free field limit, G → G 0 , so comparing (60) with (61) one has
from where we can identify k = 1 + (n + 1)b i + 2c i and from (57) one sees that 6
In the 2n → 2n channel the previous expression readŝ
It is now clear that one can write
so the supergravity result also splits into a free and a quantum part, as it was predicted by superconformal symmetry. Defining
it becomes clear that the relations (22) are satisfied. We consider this fact as a strong evidence in favour of the AdS/CFT correspondence. We can also read off the values of the coefficients b i , c i and d from the free part of the function G(u, v; σ, τ ). The results are
Notice that the values of b i and d agree with those computed using free field theory. This is a highly non-trivial result. However, c i vanish, which is apparently at odds with what was obtained using free fields, but recall that c i was dependent on the colour structure of the operators. This might suggest that this quantity receives quantum corrections. It should also be noticed that in the case n = 3, one has c i = 0 so there is agreement [14] .
Conclusions and Outlook
In this paper, we have investigated four-point functions of different weight operators in the context of the AdS/CFT correspondence. We have looked at a specific computations in the supergravity approximation (large λ, large N ), of a process involving fields dual to primaries of conformal dimension 2 and primaries of conformal dimension n. The results have been analysed using results from free field Yang-Mills theory and superconformal symmetry. Some of our key results are summarised below:
• The connected piece of the four-point function of 1/2-BPS superconformal primaries of conformal weights 2 and n, was shown to have a structure that is consistent with superconformal symmetry. Moreover, we have seen it naturally separates into a free and an interacting (quantum) piece, which involves all the non-trivial dynamics and satisfies the restrictions imposed by the insertion procedure.
• A new method was used for evaluating effective couplings in the lagrangian arising from integrals over S 5 . This allowed the determination of the on-shell lagrangian for KK scalars dual to superconformal primaries in the YM side.
• We provided further evidence for the possibility that the quartic four-derivative Lagrangian of [10] vanishes, as now we have extended the computation of the lagrangian to include primaries with different conformal weights, with two of them being generic (i.e. no specification of the representation content). As it has been argued before in [12, 13] , this would imply the existence of a σ-model action describing the extension of d = 5 N = 8 supergravity to include massive KK modes of the IIB compactification.
With the techniques developed in appendix B to compute the interaction couplings arising from the products of C-tensors, it seems likely that the computation of the correlation function
in AdS supergravity could be evaluated. This would give us further information on the dynamics of KK scalars, and would provide additional evidence for the vanishing of the quartic four-derivative lagrangian in the five-dimensional effective theory. Another problem one could explore is the effect of R 4 corrections to four-point functions of superconformal primary operators. Recalling that the dual fields are built from the trace of the graviton in the S 5 and the RR four-form on S 5 and given that all the terms at order α 3 involving the metric and the four-form are known from [28] , it is conceivable that the corrections to the five-dimensional effective lagrangian can be obtained. This indeed would be a difficult task, but a first step would be to consider the case of lowest scale dimension primaries(∆ = 2). In this way, it should be possible to compute the order (g 2 Y M N ) −3/2 correction to the four-point function of lowest weight primaries.
A puzzle that remains to be addressed is the mismatch of the c i coefficient function from the supergravity computation, eq. (68), and the free-field theory one, eq. (14) . Given that the supergravity result gives c i = 0, one might imagine that there should be stringy corrections to this quantity. Corrections in α could be considered once the higher order corrections to the five-dimensional effective action are known. Another interesting avenue would be to consider the potential contribution coming from non-perturbative effects [29] .
Finally it should be mentioned that the supergravity result obtained here can be used to analyse the structure of the OPE of the primaries at strong coupling and to evaluate anomalous dimensions. Some results in this matter can be found in [18] .
A Integrals over the Sphere
Upon reduction of the ten-dimensional action, the supergravity fields couple through SO(6) invariant tensors which are given by integrals of spherical harmonics on the five-sphere
All irreducible representations of SO(6) that are required, can always be expressed in terms of canonically normalized C-tensors with corresponding Young symmetry. The integrals of spherical harmonics can then be expressed in terms of C-tensors as follows
Here the notation we follow stands for
(72)
From the AdS exchange diagrams and the quartic couplings, we see that one needs to express products of the form C 1 C 2 C 5 C 3 C 4 C 5 , where summation over the representation of the fifth index is assumed, in terms of a basis of independent tensor structures. The product can be expressed in terms of combinations of Kronecker deltas [12] . One has 
Evidently (74) it is useful when one is dealing with correlation functions involving chiral primaries of lower weight. However, its application becomes increasingly involved once one has higher rank tensors. One needs then to develop some other method to determine the sums of products of SO (6) tensors, that enter the amplitude.
B Harmonic Polynomials
We reproduce here some results derived in [27, 30] 7 . One needs to consider the expansion of four point functions in terms of the eigenfunctions of the SO(6) Casimir operator
where the generators are given by
which is expressed in terms of null vectors u 1 , u 2 , u 3 , u 4 . One can prove that
where σ and τ are given by
so that one can consider eigenfunctions which are polynomials in σ, τ . 7 We thank H. Osborn for bringing these results to our attention and suggesting the use of harmonic polynomials to obtain the couplings.
which satisfies the eigenvalue equation
If t max = n, it is possible to solve for the coefficients in the expansion (81) and for a given n, there will be m = n + 1 eigenfunctions orthogonal with respect to integration over σ, τ ≥ 0, √ σ + √ τ ≤ 1. Up to a normalisation constant, each term may be identified with terms in the projection operators on irreducible representations of SO (6), where Y nm corresponds to the SU (4) SO (6) representation with Dynkin labels [n − m, 2m, n − m].
More general forms can be considered when discussing four-point functions in which each field belongs to the same SO(6) representation. For the more general case, one can generalize (82) to
In this case, Y 
The polynomials Y give the products of scalar harmonics a 125 a 235 for fixed k 5 = 0, 2, 4, in the s-channel. The same polynomials but with a = n − 2 give the results for the t-channel, with k 5 = n − 2, n − n + 2. The polynomials Y give the products of vector harmonics t 125 t 345 for k 5 = 1, 3 in the s-channel, while in the t-channel, k 5 = n − 1, n + 1, with a = n − 2. Finally, the polynomial Y gives the product of tensor harmonics p 125 p 345 for k 5 = 2 in the s-channel and for k 5 = n, again with a = n − 2. The results are correct up to an appropriate normalisation constant. By using the completion relation (74) involving SO(6) tensors, it is possible to fix it so that one can reproduce the results involving p = 2, 3. We first introduce the relation between the monomials in σ and τ , with the different tensor structures entering the amplitude, which we list below
One then obtains the following formulae. For the s-channel
and for the t-channelσ
where S 1234 is symmetric under exchange of 1 ↔ 2 and 3 ↔ 4, while C 1234 and Υ 1234 obey the relations
The tilded variables are related to the original ones bỹ
We now list the expressions that are required by the computation. For the s-channel, we set
The contributions from scalar harmonics yield 
It is clear that these expressions are identical to those entering previous computations, and in view of the formalism involving harmonic polynomials, it is easy to convince oneself that it has to be true. For the summation over the vector representations one gets
And for the tensor representation,
Next we consider the t-channel case in which we set k 1 = k 3 = 2 and k 2 = k 4 = n. A priori it is possible to see that the normalisation constants will depend on n, and we need to determine these first. We do so, by computing various cases in which n takes fixed values 8 . For summation over scalar harmonics, one gets
One the scalar contributions are determined, it is easy to compute the vector and tensor ones by using the following identities 9 
where f k = k(k + 4) and
Hence the vector contributions read
and finally, the tensor case gives
The results of the remaining cases are the same, if one changes the representation labels accordingly, except for equation (94), which acquires an additional minus sign in the cases
C Properties of D-Functions
We collect here the general properties and identities involving the D-functions. These are defined as integrals over AdS 5 , by the formula
withK
D-integrals have also a representation in terms of integrals over Feynman parameters
where 2Σ = i ∆ i . Immediately one can see that any D-function can be obtained by differentiation of the box-integral:
We define now theD-functions, which are functions of conformal invariant ratios, u and v, bȳ
One can obtain identities relating differentD-functions by using the differentiation. These arē
There are additional identities which relateD-functions with different values of Σ, and can be derived by repeated use of (102). These are
Furthermore, there are identities relatingD-functions with the same Σ. The most frequently used is
Finally, we comment on the various symmetries that these functions exhibit. By means of conformal symmetry, one can see that
D Exchange Diagrams
We review here the various methods for computing exchange diagrams that are relevant to the calculation of the four-point supergravity amplitude. The various details we have omitted here can be found in [16, 12, 14] . The basic idea is to use the underlying symmetries of AdS space to write down an ansatz for the z-integral, and then use the Green function equation to determine the explicit functional dependence. As usual, we work in Euclidean AdS d+1 space with Poincaré coordinates
Covariant derivatives involve the Levi-Civita connection, so the explicit form of the Christoffel symbols is also required
D.1 Scalar Exchanges
The scalar exchange integrals have been computed in [16] . For our case, we only need to consider exchanges of chiral primaries of weights 2 and n, for the s and t channels, respectively. The generic exchange integral has the form
where ∆ is the conformal weight of the exchanged scalar andK ∆ (z, x) is the unit normalized bulk-to-boundary scalar propagator introduced in (97). The exchange integral transforms under inversion z µ = z µ /(z ) 2 as A(w, x 1 , x 2 ) = | x 12 | −2∆ 2 I(w − x 12 )
where I(w) is a function given by
which is invariant under scale transformations and under the Poincaré subgroup of SO(5, 1). This implies that one can make the ansatz
where ∆ 12 = ∆ 1 − ∆ 2 and t = w 2 0 /w 2 . To determine the function f (t), one uses the equation of motion for the Green function G ∆ (z, w), which leads to a second order differential equation which
D.3 Symmetric Tensor Exchanges
We now turn to the tensor exchanges. Again, all the ingredients to carry out this computation can be found in the literature [16, 14] , so here we just introduce the necessary ones. The idea is very similar to the one in the previous cases. One needs to compute the z-integral A µν (w, x 1 , x 2 ) = [dz]G µνµ ν (z, w)T µ ν (z, x 1 , x 2 )
with the tensor T µν (z, x 1 , x 2 ) being of the form
where m 2 ∆ = ∆(∆ − 4) and k is the weight of the exchanged tensor, which for our case can be either 0 (massless graviton) or n − 2 (massive graviton). To solve the z-integral, one again inverts the expression above 0 ∇ µ ∇ ν X(t) + 2w
where P µ = δ µ0 /w 0 and h(t), φ(t), X(t), Y (t) are undetermined functions. Here we should point out that in the case in which ∆ 1 = ∆ 2 , the last two terms are pure diffeomorphisms and depend on the gauge choice of the propagator, so they are left undetermined and do not have any physical effect, given that they drop out of the final w-integral.
In the s-channel amplitude, the process involves the exchange of a massless graviton, and the z-integral involves a vertex with two chiral primaries of weight 2. This integral has been worked in [16] , so it suffices to present the final result. Here = n(n−4) and k = n−2. Using manipulations such as the ones presented in [12] and [14] , one can simplify the result to the expression I µν (w) = −w 0 n−2 8nt (n + 1)(n + 2)
and one can rewrite both expressions in terms of the original coordinates. Note that
